
92 Z H U R N A L  P R I K L A D N O I  M E K H A N I K I  I T E K H N I C H E S K O I  F I Z I K I  

A NOTE ON THE THEORY OF THE COMBUSTION STABILITY OF POWDERS 

S. S. Novikov and Yu. S. Ryazanrsev 

Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 8, pp. 137-139, 1966 

The combustion stability of powders was investigated in [1-5] .  
These authors [8-5] made use of the method of elementary wave solu- 
tions, which is standard in the theory of hydrodynamic stability. 

It is known that this method does not always give an exhaustive 
investigation of stability [6]. Articles iS-5) also left the question of 
the completeness of the results and the physical sense of the obtained 
solutions partially unclarified. 

in this note, the results of [3-5] are substantiated by considering 
the problem of changes in the steady-state mode of combustion of 
powders under the influence of a given disturbance. The problem is 
solved by the use of Laplace transforms. 

It is assumed that disruption of the steady-state mode of combus- 

tion is caused by a slight change in the pressure 6p(t): 

0 ( t < 0 ) ,  

- -  poe -~~ (t > O) Be ~o > O, (O. l )  

It cmr be shown that the results obtained below are not connected 
with the type of pressure disturbance (0.1). These results are also not 
changed if we assume that the disturbance in the steady-state mode is 
not caused by a change in pressure, but by a slight initial deviation in 
the temperature from the steady-state profile. 

1. Let us consider a case in which the burning of a powder is de- 
scribed by the theory of Ya. B. Zel'dovich. 

According to [2], a disturbance in the burning rate 6U with small 
deviations from the steady-state mode depends only on disturbances 
in the pressure 6io and the temperature gradient on the surface of the 

K-phase (condensed phase) 5% 

6U s 6~p + v 6p 
U s - - t  qo t - - s  p ' 

U /OlnU~ ( O l n g  
( p = ~ - ( T s - - T o )  , s = l - - ~ - o  )p(Ts--To) ,  v = \  0-~-~]7, . .  (1.1) 

Here U is the burning rate, ~t is the coefficient of thermal con- 
ductivity, T s is the temperature of the surface of the powder, p is 
the pressure, ~0 is the temperature gradient on the surface of the 
powder, and T o is the initial temperature. 

Small deviations in the temperature r(x, t) of the powder from the 
steady-state Michelson profile satisfy the linearlized heat conduction 
equation, which is of the following form in a coordinate system tied 

to the surface of the powder (x = 0): 

02-c 0.r 0-c U U~ (1.2) 
~ - - - U  Ox at = S U  - ~ - ( T s - - T o ) e x  p x. 

The following boundary conditions follow from the conditions of 

constancy of the temperature on the burning surface and at a great 

distance from it: 

(o ,  t) = -c~ = 0 ,  ~ ( -  o c ,  t) = 0 .  ( 1 . a )  

Stationarity of the undisturbed mode of combustion implies the 
initial condition 

*(x,O) = 0  - - e c < x < O .  (1,4) 

We shall find the solution of the problem (1.1)-(1.4) by using 
Laplace transforms, introducing the transformed temperature by means 

of the formula 

c o  

-c* (x. ~) = ~. e-at-c (x, t) dt.  (1.5) 
o 

From Eqs. (1.2) and conditions (0.I), (i.I), and (i.8), following 
use of Laplace transforms, we obtain 

T~ - -  To. (exp alx U.x \ F t ' d'c*" 
- -  - exp--~--)  [ ~---:-f [ W )  ~ § -c* (x ,  ~1 = q~s 

Cp "v J_o0]_l_%j (1,6) + 
p e - - 1  

Differentiating (1.6) and setting x = 0, we find that 

( & *  
d--7/o = 

vp0 (Ts --  To) (t - -  u  q- 4s} [2s (1 --  s) --  e --  e 1/'1 + 4el 
4pUs (s q- so) [(t - -  e)2s - -  el . (1.7) 

Taking (1.7) into consideration, formula (1.6) yields an explicit 
expression for a disturbance in the temperature of the powder trans- 
formed by Laplace transforms. 

By applying the inversion formula to the function r*(x, 5), we can 
derive an expression for the function r(x, t) describing the change in 
the distribution of temperatures in the K-phase under the action of 
pressure disturbances 6p(t). 

However, in order to investigate the stability of the steady-state 
mode of combustion, it is sufficient to study the expression for the 
temperature gradient on the burning surface, which is of the form 

x§ 
O~ (0, t) l e,t ( d-C* 

0x --  . \-g~-~/od~' Be 7 > 0 -  (1.8) 
- - , o o  

The line of integration in (1.8) passes through the complex plane 
o to the right of the singularities of the integrand, which are located 
at points o t = 0 (poles), o2 = o0 (pole), ca = U2s/(1 -- ~)2 (pole), and 
o 4 = - U  z/4>~ (branch point). 

Making use of the standard method of calculating the original from 
transforms [7], we conclude that the integral (1.8) is equal to the sum 
of the residues of the integrand at the poles or,2 ,s and the integral along 
the contours of the section on the complex plane o, which is conve- 
niently drawn from the branch point 04 along the real axis to o -+ - co. 
The residue of the integrand is zero at point ol. The residue at point 
02 contributes to the form of the time-dependent term as exp (--o0t). 

The residue of the integrand at point e 2 and the integral along the 
contours of the section decrease exponentially in time, while the resi- 
due at point ca is equal to zero when e < 1, but is nonzero and depends 

on time asexp[Uzs t /~ (1 - -  a) z] when s > 1. 
It follows from this that when a < 1, disturbances in the mode of 

combustion caused by changes in the pressure 6p are attenuated with 
time. When t -+ % the temperature distribution in the powder and the 
burning rate become stationary values and combustion is stable. 

When ~ > 1, disturbances in the burning rate and the temperature 
are not attenuated with increasing t. The dependence of disturbances 
on time asymptotically approach an exponential relationship of the 
form exp [U 2 st/x(1 - s) z ] ,  and combustion is unstable. 

9., Let us examine the case in which small deviations from the 
steady-state mode of combustion caused by disturbances pressure (0.1) 
change not only the burning rate and the temperature gradient on the 
surface of the powder, but also the temperature at the surface [ 8 - 8 ] .  

The relationships between pressure disturbances, burning rate, 



J O U R N A L  O F  A P P L I E D  M E C H A N I C S  A N D  T E C H N I C A L  P H Y S I C S  93 

tempera ture  gradient ,  and the tempera ture  on the surface of the powder 

can be written it] the form 

5L" bg~ bp T~ 6q) 6p 
6 ~ -  ' r~ - -  T,, - - ~ -  " 

In [8],  formulas (2.1) were ob ta ined  on the assumption of the 

va l id i ty  of the s teady-s ta te  relat ionships U(p, ~g) and Ts(P, ~o) under 

unsteady condit ions.  
The fol lowing notat ion is introduced in the relat ions of (2.1): 

v ( r  -- t )  -- Ix~ r 

e l - -  ~ - t - r - - I  ' h i - -  8 _ ~ _ r _ _ ~ ' ,  a . , . ~ e ~ _ r _ _ i  ~ 

b . 2 = p . ( e - - l ) - - v r  [Ors~ 1 ( OTs 1 
g T r - - I  ' r ~ \ O T o ] p '  ~ = T s - - T o  \ O l n p ] T o "  (2.2) 

The relat ions of (2.1) also follow from t ak ing  approx ima te  account  

of the c h e m i c a l  reac t ion  of decomposi t ion  in the powder [4] .  
[n the case under considerat ion,  ~he behavior  of smal l  disturbances 

in the burning rate  6U and the t empera tu re  of the powder r ( x , t )  are 

de te rmined  from (1.2) with condit ions (2.17 and (1.4). 

As before, the solution of the problem can be obta ined by using 
Laplace transforms, and the s tab i l i ty  inves t iga t ion  is reduced to studying 

the expression for the dis turbance of the t empera tu re  gradient  on the 

surface of the powder, af ter  conversion to Laplace transforms, which 

is of the form 

( & * /  - .  ,po (T~ - -  To) 
dx /o - -  4pUs(s  q- so)(s - -  sl)(s - -  so.) [(pe ~ vr @ v) (I - -  

• (1 ~- ~/1 ~ 4s)] [(rs § e) g t ~ +  ~ - s(2 - .% - ,)1 

(e - -  1) ~ - -  r (~ q- t) 2~ [((g - -  1) ~ - -  r (e q- 1)) ~ - -  4r~e] V~ 
Xl, 2 - -  2r 2 . (2.3) 

The quant i ty  (8r /0x)0  de te rmined  from formulas  (1.8) and (2.3) is 

equal  to the sum of the residues of the in tegrand at  the poles o 1 = 0, 

o2 = o0, oa = U z sjz, % = U 2 s2/~'~ and the integral along the contours 

of the section along the real axis from the branch point o5 = -U z/4~t 

tO O = --0% 

The residue at pole  o r is equa l  to zero.  The residue at pole  o2 and 
the in tegra l  a long  the sect ion rend exponen t i a l ly  toward zero with 

increas ing t .  The vatues of the residues of the in tegrand at  poles  04 

and oa depend m a t e r i a l l y  on the values  of e and r. I t  is known from 

exper iments  tha t  the rea l  va lues  of e and r I ie in  the in t e rva l  e > 0 

( 0 < r < l ) .  

When ~ < 1, r < (~ - 1) 2/(~; + 1), we can verify through direct  

computa t ions  that  the residues at poles c~, o 4 are equal  to zero. The 

disturbances in the s teady-s ta te  mode  damp out with r ime .  The corn 
bustion is s table .  

If r < 1, tile residues at poles % and o4 are nonzero and depend 
on t i m e  as exp (hU z t / x )  and exp (s2 U z t / z ) ,  respect ive ly .  

Xghen ~ < 1 and r < (~ - 1)z/(e  + 1), the values of the residues 
at poles oa and % increase  exponent ia l ly  with increases in t ime ,  and 

the mode of combustion is unstable.  
When a > 1 and r > (r - 1) z / ( s  • 1), the values  of the residues at 

oa and 04 decrease exponent ia l ly  with increasing t. The mode of com- 
bustion is s table .  When a > 1 and r = (e - 1) 2 / ( a  + 1), the residues at 

points oa and o~ inc lude  a t i m e  factor of the form exp t i t (e)  t / z / r ]  

(the boundary of ins tab i l i ty ) .  
It follows that  the analysis  presented in [ 8 - 8 ]  of the combust ion 

s tab i l i ty  of powder is comple t e  within the f ramework of the quasi-  

s ta t ionary descript ion of the combust ion zone adopted in these refer-  
ences.  The sustained exponent ia l  solutions found in [8 -6 ]  describe 
the asymptot ic  behavior  of smal l  disturbances of a s teady-s ta te  burning 
rate  and s teady-s ta te  t empera tu re  distr ibution.  

The authors wish to thank A. G. Istratov, V. B. Librovich, and 

A. I. Leonov for their  comment s .  
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